
Flexures
Hypothesis : Flexures are a way 
to achieve hinges by means of 
deformation of continuous bodies. 
Thus they can be considered to 
be kinematic elements that con-
strain certain translational or rota-
tion degrees-of-freedom.

Pros and cons
Advantages are:

¥ Simple and inexpensive to 
make and assemble;

¥ Almost wear-free if cracks can 
be avoided;

¥ Failure due to fatigue and yield 
are well understood;

¥ Monolithic mechanisms are 
possible;

¥ Leverage easily implemented;
¥ No stiction, hence repeatable 

and smooth movement possi-
ble;

¥ Can be designed insensitive to 
thermal expansion and me-
chanical disturbance;

¥ For small deformation they are 
linear. Linearity is independent 
of manufacturing tolerance;

Disadvantages are:

¥ Accurate prediction of stiffness 
requires accuracy of form and 
material;

¥ High stresses cause hysteresis;

¥ Restricted ranges;
¥ Compared to other hinges, out 

of plane stiffness low and drive 
direction stiffness relatively 
high;

¥ Cannot tolerate high loads;
¥ Accidental overload can be 

catastrophic;
¥ At large loads, instabilities such 

as buckling can occur. 

The above data is taken from [1].

Symmetric beam 
equation
The basic equation for the deßec-
tion line of a beam with applied 
moment is stated [1, 2]:

E(x)Izz(x)
d2u(x)

dx2 = Mz(x)

Var Description

E(x) Elastic modulus [Pa]

Izz(x) Area moment of iner-

tia [m4]

u(x) Displacement along 
beam [m]

Mz(x) Applied moment [Nm]

Second moment of 
area
For the second moment of area 
terms in the beam bending and 
torsion equations we require to 
evaluate the integrals shown be-
low

Izz=
Z

S
z2dA

     
Irr =

Z

S
r2dA

Var Description

z Distance from the 
bending axis [m]

r Radius from torsion 
axis [m]

S B e n d i n g c r o s s -
sectional area  [m2]

dA Elemental area [m2]

Fig 1. Beam cross-sections.
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Shape Equation

R e c-
tangle

Izz = ab3/12, b  is the 
height

Circle Izz = " r 4/4, r is radius

The Phenotypes

Classical Flexure

R o t a t i o n a l 
h inge, one 
angle free

Clamped-free
beam. Tor-
sional beam.

Slider, one 
displacement 
free

D o u b l y -
clamped

beam.

Two axis, dis-
p l a c e m e n t 
and rotation.

Parallel dou-
ble beam.

Two axis, dis-
p l a c e m e n t 
and rotation.

Folded dou-
ble beam.

Clamped-free beam

Fig 2. Clamped-free beam.

When a thin uniform clamped 
beam bends due to an applied 
point load at its free end, it acts as 
a hinge when undergoing small 
deformations. The equation is 
derived by twice integrating the 
beam equation:

EIzz
d2u(x)

dx2 = Fy(L ! x)

EIzz
du(x)

dx
= Fy(Lx!

x2

2
) + C1

EIzzu = Fy(L
x2

2
!

x3

6
) + C1x+ C2

Var Description

L Beam length [m]

Fy Vertical end force [N]

The constants C1 and C2 are re-
solved using the boundary condi-
tions. At the clamped end, where 
x = 0, the deßection and the slope 
are both zero, making C1 = C2 = 
0. For the free end we obtain ex-
pressions for deßection and slope 
as follows

uL =
FyL3

3EI     
tan ! L =

FyL2

2EI
This results in linear and angular 
stiffnesses of

ku =
Fy

uL
=

3EI
L3

      

kθ =
Fy

θL
=

2EI
L2

The instantaneous rotation point s 
of the hinge, measured from the 
free end, can be calculated from 
the tangent at the free end of the 
beam by

s=
uL

tanθL
!

2
3

L

Clamped-sliding beam

Fig 3. Clamped-sliding beam.

The clamped-Sliding beam re-
quires both a force and a moment 
applied to its free end so as to 
move as a kinematic slider. 

Fig 4. Parallel loading case.

Since the moment needed for the 
constrained movement is not 
know a priori, we apply the force 
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at a distance s from the free end 
(towards the Þxed end, thereby 
inducing a moment as well) and 
determine the value for s in a 
second step. Here the results af-
ter insertion of the boundary con-
ditions are:

EI
d2u(x)

dx2 = Fys! Fy(L ! x)

EI
du(x)

dx
= Fy

!
(s ! L)x+

x2

2
)
"

EIu(x) = Fy

(
(s−L)

x2

2
+

x3

6
)
)

For a zero angle at x = L, we get 
that s = L/2. The stiffness of the 
beam to the force is obtained from 
the deßection equation

EIu(x) = Fy

(
!

L
2

x2

2
+

x3

6

)

       
Fy

u
=

12EI
L3

The clamped-pinned 
beam
The cartwheel forces its beam-like 
spokes to deform kinematically as 
if the non-clamped end (at the 
centre of the wheel) may only ro-
tate but not deßect. A set of 
spokes in the cart-wheel spread 
the load among a set of beams. 
We now consider one of the 
spokes.

Fig 5. Clamped-pinned beam.

We can arrange the equation 
much as before, but reverse the 
sign of the force. This yields

EI
d2u(x)

dy2 = ! Fys+ Fy(L ! x)

EI
du(x)

dy
= Fy

!
(L ! s)x!

x2

2

"

EIu(x) = Fy

(
(L ! s)

x2

2
!

x3

6

)

For zero deßection at x = L, we 
get that s = 2L/3. The angular 
stiffness of the beam to this ap-
plied moment is obtained from the 
angle equation

EI ! = Fy
L2

6                          

k! =
M
!

= 4
EI
L

Two-DoF ßexes

Fig 6. 2-DoF flexes.

By suitable combination of the 
results from the preceding single-
DoF ßex cases, we can easily 
produce beam combinations that 
have two degrees of freedom and 
hence two stiffnesses. We now 
consider the two cases depicted 
above.

Symmetric load geometry
The left-hand geometry has two 
identical beams about the sym-
metry line. Each beam carries one 
half of the applied loads F and 
Mz. The beam equation for the 
left-hand beam is stated and inte-
grated below:

EI
d2u(x)

dx2 = !
Mz

2
+

Fy

2
(L ! x)

EI
du(x)

dx
= !

Mzx
2

+
Fy

2

!
Lx!

x2

2

"

EIu(x) = !
Mzx2

4
+

Fy

4

(
Lx2 !

x3

3

)

Since we have both angle and 
displacement as a DoF at the 
symmetry point, we obtain two 
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stiffnesses from the latter two 
equations:

k! =
Mz

! L
=

4EIz

FyL2 ! 2MzL

ku =
Fy

uL
=

12EIFy

FyL3 ! 3L2Mz

Folded beam geometry
Since the fold in the beam con-
strains the position and angle of 
the fold point, the folded beam 
behaves as a beam of the sum 
the lengths of its two arms. The 
analysis is then as before, but 
with double the length (i.e., L is 
the length of one of the arms) and 
double the load. This results in 
the following stiffnesses:

k! =
Mz

! L
=

EIMz

FyL2 ! MzL

ku =
Fy

uL
=

3EIFy

2FyL3−3L2Mz

Torsion
For a uniform bar under torsion, 
the moment is related to the 
properties and angle as

T =
! KG

L

Var Description

K Area factor [m4]

G Modulus of rigidity [Pa]

Hence the torsional stiffness is

k! =
T
"

=
KG
L

For a circular cross section, we 
have that

K = Irr , and otherwise K < Irr .

Shape Area factor K [m4]

Circle 0.5 " r 2, r is radius

Ellipse " a 3b3/(a2+b2)

Squa r
e

2.25 a4, side = 2a

Rect. ab3[16/3-3.36(b/a)(1-
b4/(12a4)], width = 
2a, height = 2b

Tr i a n-
gle

a430.5/80, a is side 
length

Properties
Some common materials that oc-
cur in MEMS applications are 
tabulated.

Mate-
rial

M o d u l u s 
[GPa]
(Poisson)

D e n-
sity
[g m-3]

Si 150 2.33

Steel 190-210 7.8

Cu 1 1 0 - 1 2 8 
(0.34)

8.96

Al 70 (0.35) 2.7

P M M
A

1 . 8 - 3 
(0.35-0.4)

1.15-1.
19

Nylon 3 . 0 - 7 . 0 
(0.39)

1.15

Glass 72 (0.22) 2.4-7.2

CNT 1 0 0 0 + 
(0.0-0.2)

1.33-1.
4

References
1. Stuart T. Smith, Flexures: Ele-
ments of Elastic Mechanisms, 
CRC Press Boca Raton 2000

2. Warren Young and Richard 
Budynas, Roark's Formulas for 
Stress and Strain, 7th ed., 
McGraw-Hill, Boston 2002

Flexures

Microsystem design laboratory topic sheet! 4


